Journal of Statistical Physics, Vol. 33, No. 1, 1983

Spontaneous Emission of a Two-Level System
and the Influence of the Rotating-Wave Approximation
on the Final State. 1.
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By using a modified Robertson projection technique an exact equation of
motion for the expectation value of the population inversion operator S* of a
single two-level atom in the case of spontaneous emission is derived. Afterwards,
by making the Markov approximation, it is shown that the ground state
expectation value {(§%), = —1/2 for 1 — oo will be reached only if the rotating-
wave approximation or the Born approximation is made additionally.
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1. INTRODUCTION

In this work we will examine the interesting question of whether a single
two-level atom being in its excited state really decays to its unperturbed
ground state by spontaneous emission. It seems to us that the answer to this
question is not quite clear in the literature. Most of the textbooks, review
works, and articles (see, e.g., Refs. 1-4), beginning with the famous Weiss-
kopf-Wigner® article, treat this question only in the rotating-wave ap-
proximation (RWA), i.e., neglecting the antiresonant terms in the Hamilto-
nian, and/or in the second-order perturbation theory, the so-called Born
approximation (BA). They all came to the conclusion that the final state of
the atom is its unperturbed ground state. However, we will show that this is
correct only as long as the RWA and/or the BA is made.
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In Section 2, by using a modified Robertson‘® projection technique
developed in Refs. 7 and 8 recently, we will derive an exact equation of
motion (EM) for the expectation value (EV) of the atomic population
inversion operator S*. Afterwards, by making the Markov approximation
and the long-time limit, but without making any kind of approximation as
to the strength of the interaction with the radiation field, we shall obtain a
differential equation, whose solution shows that the ground state EV
(8%, 5= —1/2 will be reached only if the RWA, or the BA is made
additionally.

In Section 3, by using the nondecay probability>'¥ we will examine
the reasonableness of the results obtained in Section 2.

In the Appendix we will show that the dipole moment (S * ), remains
zero if it was zero initially.

2. CLOSED EQUATION OF MOTION FOR SPONTANEOUS
EMISSION OF A SINGLE TWO-LEVEL ATOM

The Hamiltonian for a single two-level atom (system S§) interacting
with the radiation field (system R) is given by>?

H=Hy+ Hpp =wS* QI + I3 ® > w.a.ay
ks

+(ST ‘S")®k2(gksak} —ghag),  (h=1) (1)

where S7 = 1(|1){1]| — |2)(2]) is the population inversion operator, §* =
[15>¢2|, § ~ =|2){1] are the dipole moment operators with |15, |2> being the
atomic excited and ground state, gy, are the photon creation and anni-
hilation operators for the mode ks, and g, = — iw(27 /@, L*)'/*(Dy, - €;,)
is the coupling constant with D, as the dipole matrix element, e, as the
polarization vector (s is the polarization index), and L? as the volume of the
field. Further, » is the energy separation of the two atomic levels, w, = k¢
and Ig, I, are the unit operators in the Hilbert spaces 775 and 57°; of
systems S and R.

At =0, we assume that the atom is in the excited state and the
radiation field in the vacuum state:

p(0) = ps(0) ® pr (0)
= | @ [{0}5{{0}] 2)
where p(?) is the statistical density operator, which satisfies the Liouville
(von Neumann) equation, and pg(f) = Trgpe(t), pgr(?) = Trgp(f) are the

reduced density operators.
By introducing the generalized canonical density operator for S,(®

og(2)=3Ig +28°(S%), 3
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where we made use of the fact that the dipole moment (S * ), remains zero,
if it was zero initially (see the exact proof in the Appendix), we can write

a5 (1) ® pr(0) = Pp(t) + 115 ® pg (0) 4)

PA = pp(0) ®28°Trgg(S°4) )

with any operator A in the product space 57°g ® ;. By using the
modified Robertson projection-operator technique,(’® i.e., by differenti-
ating and transforming Eq. (4), and afterwards integrating it by applying an

integrating operator T(¢,¢'), we obtain a connecting equation between p(r)
and 64(f) ® pr(0):

(., ’ ’
o(1) = 05(1) @ pr(0) = =i [ d T(1,0)( = P)(Lo+ Log)as(1) @ px (0)
(6)
with
T(t,0y=exp| —i(t — )1 — P)(Ly+ Lgg)] N
and [ = Ig® Iy, Lo=[Hy, . .., Lgp = [Hp, - - . |-
We now let the operator iS(L,+ Lgg) act upon Eq. (6) and after-

wards take the trace over it, which gives us an exact closed EM for the
EV (87>

a<s 2 = f dr [ ky(7) + 2ky(T)XSD, ] (8)
with )
ky(r) = Trop[ U(r,0) Lsg 3 Is ® pg (0) ] )
ka(7) = Trsa[ U(7,0) Lsz S* ® pr (0)] (10)
U(1,0) = S°Lgp U(r,0)e "o an
U(r,0) = exp[—zf dt' (I — Pye ""oLg e"LO} (12)

where we made an expansion of T(¢,¢') in powers of the interaction Hg, by
using a time-ordering operator .7~ and the fact that P commutates
with Hj,.

The RWA on the Hamiltonian H, of Eq. (1), i.e., the neglecting of
the antiresonant terms § ~ ®aq,, and §* ®a," gives

ngyA%Is‘@PR(O): L?:,A * @ pg (0) (13)
and
ATy = () (14)

By taking the limit ¥ — co (i.e., replacing the summation over k by an
integral), and making the Markov approximation with long-time limit [i.e.,
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in integrand of Eq. (8) {S?>,_, is replaced by (S?), and for 1> 1/« the
upper limit of the time integration is replaced by oo by introducing a
damping factor e ™", where € >*0 after performing the integration], and
retaining all order of interaction we obtain

(S ;

- L= —ERVAL+2(S)) (15)
(87y, = — L+ ce 2F, = const (16)
k= lim, ek, =12 )

In the literature ¢ is usually calculated from the initial condition.
When no RWA is made then

LspS* @ pr(0) = Lyr 315 ® pr (0)
- %:(gksS_ ®[{0}>{{0}ax, — &S ™ ®a[{0})<{0}])

(18)
and
Ak =k, — k,
= lim [ “dre
e—>*10J0
XTrse | (LoaS*)U(n0) T [ gtie ™S "
S
®a[{0}){0}] — g e 'S
®1(0))(0}lai ]} (19)
In the BA U(r,0) = I, and only the antiresonant terms with e *"“**“)7 play
a role:
AKBA = 7> gks|28(wk +w)y=0 (20)
ks

because w > 0 and w, > 0. But in an approximation of higher order than
the BA it can easily be shown that the terms in U(r,0) give rise to a
nonzero value of Ak, i.e., k; # k,. Then instead of Eq. (16) we have

k ~
(8%, =— 2—_1: +cle_2k2', ¢, = const (21)

From this it can be followed that if no RWA or BA is made, the atom
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initially in its excited state does not decay to its unperturbed ground state,
ie., (8%, # —1/2, which means (S*),_,, > —1/2.

An interesting fact, which is being often overlooked, is that the state
[¢(0)> = |2> ® {0}, in which the atom is in its ground state |2, is not a
stationary state because [ H, Hgz] # 0. Knowing this it can be immediately
seen from Eq. (21) that for the above initial condition ((§%>,= —1/2),
k, # k,, because for k, = k, the solution of Eq. (21) would be a steady
state value: (§?» = —1/2. This means that only in the RWA it will
be (S>,,., = —1/2, because [H,, HY"*] =0, but otherwise (S>>, >
-1/2.

3. THE NONDECAY PROBABILITY OF THE INITIAL STATE

That the results obtained in Section 2 are reasonable can easily be seen
by examining the nondecay probability™'? of the initial state |{(0)> of
system S + R. The condition for the decay of the initial state is®'?

lim [<y(0) [¢(2)>[*=0 (22)

(As pointed out by Krylov and Fock® the vanishing of the nondecay
probability of an unstable state at the infinity follows from the Riemann—
Lebesgue lemma.)

The decay condition can be fulfilled by the general state vector

Weoop= 2 F o (179)
Xla)®|nny...n. .. (23)
I=WO¥o= % Xl (OF 24

with ¢; (> 00)=0anda + 32 on,=2/+1,1=0,1,2,... for the atom
being initially in its excited state [¢(0)) = [1> ® [{0}). ¢, . ., . (2) are
the probability amplitudes, #; is the number of photons in i mode, and each
i=1,2,... stands for a ks mode.

But in the case of the RWA it holds that
Zn,:a—l, a=1,2 (25)
i=0

According to this, for the decay of |J(0)> =|1> ®|{0}), it must hold that
Cingpy...n ... (> 00) =0 for all n,. This means that the atom must decay to

its unperturbed ground state. In the RWA the ground state |2) is a steady
state.
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4, CONCLUSION

In Section 2 it was derived a closed EM for the energy of a single
two-level atom, interacting with the vacuum radiation field, in the exact
and Markov approximated form. Naturally, Eq. (21) is only exact in the
Markov approximation and the exponential behavior of {§7}, is an ap-
proximation, as was pointed out by Khalfin.'® But just this Markov
approximation makes it possible to show that there is a radiative correction
to the ground state of the atom, when no kind of RWA is made. This
radiative correction has the consequence that the final state of the atom is
not its unperturbed ground state, as is usually expected in the literature, but
the radiative corrected ground state. In the subsequent paper we will show
that in the BA there is a radiative correction to the final state of the atom.
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APPENDIX

In the case of spontaneous emission we will exactly show that if the
dipole moment of the atom was zero initially (i.e., the atom is in the excited
or in the ground state), it remains zero for all future times.

For the initial condition

ps(0) =|1)1|, or pg(0)=|2)<2] (Al)
it can easily be shown that
(8% 5= "Trsg[ $*ps(0)] =0 (A2)
Trg[ $* Likros(0) | =0, 1=0,1,2,... (A3)
Tre[ L3z 'or(0) ] = Tre[ L3R '[{0}<{0}|],  /=0,12,...
=0 (A4)

From this and the formal solution of the Liouville (von Neumann) equa-
tion:

p(t) = e T exp( —i fo ‘dt’ e MLgpe —"’Lo) ps(0)®pr(0)  (AS)
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it follows that
(§%5,=0 (A6)
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